CHAPTER XXXV. Sxcrion II. 


DIRICHLET’S INVESTIGATION. 


1616. Fourier's Formulae. Dirichlet’s Investigation. 

If p(x) be a single-valued finite and continuous function of x 
which remains positive and either constant or continually decreas- 
ing throughout the whole range of integration from x=0 to x=h, 
where 0 < h > 1/2, then will 

Len | Se pli) da =F 9 (0). 


sin g 
This result is due to Fourier. Separating the integration 


range 0 to h into intervals 
Oto =; Sto an ioe (n—1) = to pd Tie h, 
w w w w w w 


nT . : ahah ge 
where a is the greatest multiple of = contained in h, we have 
ete (r+2)r 


K NA a 


o sing 


Cag 


nr 
o ħ ) sin wx 
+e net far} sin £ H T) diu.» ii ) 
Now as g increases from rr/w to (r+1) 7/w, wx increases by 
m. Hence sin wv in this interval is of opposite sign to the 
value of sin wx in the next interval. But sing and ¢(z) retain 


the same sign. Hence the several terms in the above series 


are alternately positive and negative. G+)" 
Again comparing corresponding elements in ; ) dæ 
(r+2) 2 = 
and Jean os ) da, write sys for x in the hazed which then 
becomes ete sel 
= n dalario TOTAN 
720 
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And since x has increased to %+-/w, but is still < 7/2, 
sin (%+7/w) is > sin g, whilst ¢(a+7/w) + (x), the element in 
the second integral is numerically less than the corresponding 
element in the first. 

Hence the several terms of (1) are (a) of alternate sign, (b) of 
decreasing numerical magnitude. 

Putting wxr=z, 

(r+1)7 


w SiN we rb 
n : SS 
Lte» $ sin x ies ao k 


w 


sin z 
w sin Z/w 


(2/w) dz 


(r+1)r 
4 iFM (See Art. 1902.) 


ra 


Hence the sum of the first r terms of (1) becomes 


sof + +f on +)" le ae (0) e eT 4 (0) 


when r is infinite. 
And for the remaining terms from 
(r+1)7 i nr 


alee nal FEY H fess: Eee de, 


sin Zz (n-1)r sing 


the interval of each is infinitesimally small, and the integrands 
are finite. Each integral is therefore infinitesimally small, 
they are of alternate sign and each numerically less than the 
preceding one. Hence their sum is less than the first of the 
group, which is itself infinitesimally small. 


f L h sin wg 
Again, as to the final integral Ie tone 


p(x)dz, it is 


integrated over an infinitesimal interval with a finite integrand, 
and therefore also vanishes. 
Thus we have 


Li f Sin wr 
or? Jo SINZ 


p(z) de=F $(0), 


where 0<h> 4 under the special conditions stated as 
to (x). 

The method adopted in this proof is due to Dirichlet. It is 
given by Bertrand, Cale. Int., p. 228. 
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1617. If p(x) becomes negative but not numerically greater — 
than a definite positive constant C, remaining finite and 
continuous as before, then since ¢(x)+C is positive and 
decreasing, we have 


Lae | 2p a) +C]da=[p(0) + 015. 

(H 

But the theorem is also true for a function which remains 
constant and equal to C. Hence subtracting, 


Sin wx 
sin x 


h 
g N f $ (2) da=% $(0). 


This has therefore been now proved whether ¢ (x) be positive 
or negative, provided it is either constant or decreasing so 
long as it remains finite and continuous between the limits. 


1618. Further, if g(x) be an increasing function, — ¢ (x) is a 
decreasing function to which the theorem is applicable, and 
therefore 


ti f; sin <n —¢4(a)} de—= z {—9(0)}, 


sing 


vinme OTAS 4 pn y ) d=" $(0), 


sin £ 


whether ¢(x) be continually either increasing or decreasing 
between the limits. 


1619. Since the formula established is independent of h, 
taking p and q any two quantities between 0 and 7/2, 
we have 

Sin wx 

Lhe j sin % 


sin wE 
sin gr 


pla) de=F p0) Lora | SAE ge) de, 
Hence if F(x) be any function of v, continuous and 
coincident with ¢(x) for the portion of ¢(x) between q and p, 


P sin w£ 


Lto L sin x 


F(x) dx=0, 
and here it is supposed that from q to p, F(a) is always 


increasing or always decreasing, for it is coincident with 
¢(x) throughout that interval. 
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1620. Existence of a Finite Number of Maxima and Minima. 

Suppose that there are a finite number of maxima and 
minima on the graph of y=¢(x) between x=0 and z=h, 
say ab =£], Lz, Lz,- Ln. Then when w>» 

h oj z h i 

Lt | Sne p(z) is=u| |"+]"+ ai +f |= (a) de. 

Now ¢(z) is 
continually increasing or continually decreasing from 0 to z, 


continually decreasing or continually increasing from 2, to 2, 


continually increasing or continually decreasing from g, to £z, 
ete. 


The first term therefore contributes s (0). Each of the 


others contributes nothing by Art. 1619. So that if the 
number of maxima and minima be finite, the Fourier formula 


still holds good. 


1621. Existence of a Finite Number of Discontinuities. 

Finally, suppose a discontinuity in ¢(z) occurs at a point 
z=% (< h), where the function changes abruptly from ¢(z,) 
to y(x), remaining finite and y(x) retaining the property 
possessed by ¢(z) as to continual increase or decrease through- 
out the remainder of the range of integration. Then 


h sin wa 
tose | SE pl) de 
“gin ws h sin wg T 
IE ESA f Key o (x) dx+ Lt, 0 p te y(x) d= = p(0)+0. 


Thus each discontinuity introduces a zero term, and 
provided the number of such discontinuities be finite between 
0 and A, their aggregate contributes nothing to the integral. 


1622. Generalised Restatement of the Theorem. 

We may now restate the theorem thus: 

Let p(x) be any function of æ with any finite number of 
discontinuities and any finite number of maxima and minima 
between z=0 and z=A, where h is positive, not infinitesimally 
small, and not greater than 7/2; then 


$ (x) de=5 ¢ (0). 


lt i sin wr 
wre E 
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1623. Geometrical View of the Result. 


Drawing the graph of y=sin wz/sin a, the curve has a large 
maximum, viz. w, at s=0; and crossing the z-axis at z=7/w, 
27/w, 37/w, etc., there are successive minima and maxima, 
their positions being given by tan wr=w tan z. 

Since sin wx lies between +1 and goes through a cycle of its 
numerical changes in each of the above intervals, whilst sin x 


is increasing throughout the whole range from z=0 to a=, 
the excursions of the graph to one side or the other of the 
x-axis diminish in extent, and these subsidiary maxima and 
minima are relatively unimportant. The multiplication of 
the function by ¢(x) alters the magnitude and position of 
the maxima and minima ordinates, but leaves the general 


characteristic appearance of the graph unchanged (Fig. 471). 


>g 


Fig. 471. 


The geometrical interpretation of the formula of Art. 1622 
is then as follows: 

Let the graph of y=$(@) be drawn starting from 
x=0 and extending as far as =h, and also the graph of 
y=(x) extending as far as v=7/2. Let the areas enclosed 
by the successive portions of the former bounded by the 
z-axis, and, for the principal maximum, by the y-axis, and 
lying alternately above and below the z-axis be A,, A,,A3, Ay, 
etc., and let B be the area of the rectangle of which two 
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adjacent sides are the initial ordinate of the second graph, 
viz. (0) and the length Z; then when w is indefinitely 
increased A,—A,+A,—A,+... tends to the limit B. 


J, 


Fig. 472. 


1624. Extension of Range of Integration. 

If the range of integration be extended beyond 7/2, and h lies 
between nz and (n+1)z, we may break up the whole range 
into sub-ranges of extent 7/2 as far as nz, and we have 


fesa fa faa +f aa ee 


o sing _yt Jngd sing 
@n-1)5 m 


In the second, third, ... 2n"" integrals replace x successively 


by r—y, t+y, 27—y, ... NT—Y. 
If we take w to be an odd integer, these become 


° sin w(m— y) sin w(r +y) 
f. a E A j sinl py) OT tay, 


0 gi Im— 
J nO yy PT- etc., 
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r m 


2 Sin w% 2 gin wo 
eC. y ans o(r—x)da, [3s ¢(7r+2)da, 
2 sin wa : E 
f E p(2r—a)da, ete. ; 
™ sin w£ 
whence |" ang IO” 


=r[4p (0) +G(m)-+G(2n)+-..+¢(n—In)+ 4p (nz)} 


(x) da, 


a 
As regards the final term | we 
nn SIN L 


(a) if h lies between nr and nz+7/2, inclusive of the 


latter, put vs=nr +y and h=nr +h, where k + F- The final 
integral then becomes in the limit 


Lt, af w(n7+y) 


o in (nwty) POTI 


S 2 OF b(n 3-+2)da== (nz); 


o. sing 2 


(b) and if h lies between na-+-7/2 and (n+1)z, the integral 


"+5 h i 
may be written mY 4 f ns) {22 4 (ayan} ; and 
he 


we sin g 


putting z=n7-+-y in the first and (n+1)r—y in the second, the 
first becomes 5 (nm), as has been seen, and the second becomes 
a+r sin w{(n+1)r—y} 
Lto -f aaa Fia a Pte y}(—dy) 


N [2 an E R R Y, 


w Sing 


where k'=(n+1)m—h, which is positive and + T Therefore 
this limit vanishes by Art. 1619. Hence in either case the 


contribution of the final integral is $ p(nr). But if h=nr 
the contribution is zero. 
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Hence in the limit when w is indefinitely increased, 


tay of Sg (a)da— Lt, + a | RET pla) plea) 


o sing sin g 
Sin wx 
sin & 


+90 +2)4+92r—2)+...4.g(ne—2)}de+ | p(x) dx 


=F [p(0)-+29(m) +26 (2m) +...+29 {(n—1) 4} +29 (nm) 


But if h=nz the last term in the square bracket is to he 
$(nm), 

This therefore is the extended form of Fourier’s formula 
for a range 0 to h, where h lies between nz and (n+1)7z, and 
w is an indefinitely large odd integer with the same conditions 
for ¢(x) as before stated. 

If w became infinite as an even integer, the signs would be 
alternately + and —. 

If there be discontinuities in the value of ¢(z) in the range 
0 to h, and if the starting values of ¢(z) as x begins each of 
is x to an, = to am i to ag etc., be 
respectively f,(x), f,(z), falz), f,(z), ete, the formula must 
be amended to 


a fi) + Flr) thal) + fi 20) +f5(2x) +r) +37) 
+... + fon (rn) +fon+1(7)}, 


when w becomes infinite as an odd integer and the number 
of discontinuities between 0 and h is supposed finite. 


its marches 0 to 


1625. If a and b be two positive quantities, a>b and 
mr<a<(m+1)r, nr <b < (n+1)7, then 


Liura | SREE g (ode = [hp (0) + $(m)+ $2n) +--+ (mn) 


o sing 
=m, say, 
and 
S 
Lt. ah a pla)de=a[4p (0) + p(n) + 2m) +... +4 (n7)] 
=r En, say. 


a Sin wx 
» Sin æ 


Then Lt... | o(x)dæ=r(Em— En). 
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If a—b $ 27, so that a + (n+1)r+27, ie. + (n+3)7, the 
limit is +[¢ {(7 +1) r} + ${(n+2) r}, (n > 0). 

If b< x, then a < 3r, and the limit is r[¢(7)+4(27)]. 

Still supposing a and b both positive, and 


a>b and mr<a<(m+l1)r7, nr <b<(n+!)r, 


sit N wL 


consider Liora | ing $ed; write z=—y. Then the 


integral becomes 


— Lyon | SREY pf yjdy=— i0) +All 2n) 
+... +o(—nr)]=—rE-n, say. 


Similarly Lt, +. jes Wh 4 (2\dax 4m: 
0 


sin £ 
Thus we have 


uf —— (x) dx = ©(Em— Ee), 

uf Trio dx= uif- tng 90% =1(Emt+E_»), 

uf Sa gna tlf—f ae pendent 
-a -b7 a} 

uf inary )da= L| | “ igt da= — w (Em En), 
iin m>n> 0. 

In the case 0<b<a<r, 
tf ie $C) de=n[16(0)—49(0)] =0, 


ul Sine Sn ot S (a) de=r[4G(0)-+49(0)] = r40), 


b sin x 


up ae SiN We aiig iko ta Ole AAO 


sin % 


uf DetS (a) dar [36 (0) +4p(0)]=0, 


_» sing 


ie. if the limits be of the same sign the result is zero; if the 
limits be of opposite signs the result is mø(0) or — me (0), 
according as the upper limit is positive or negative. 
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1626. Application to the Evaluation of Fourier’s Series. 
sin (2n+1)0/2 
sin 0/2 
therein 0=f—a2=2y, 2n+1=w; multiply by f(€) and in- 
tegrate with regard to € from 8 to a, where a—f > 27. 

We have 


Taking the identity =] + 25) cos p8, write 
1 


[AOSS ME) 008 p(e—aydg—2* SREY jeg Dy) dy 


2 


and increasing n without limit, +> and 


a—Z 
2 


al (€)dé+ EA (£) cos p(é— n)dg==Ta| bee F(æ+2y)dy. 


B—z Sn y 
2 


For the right-hand side we have the following cases: 


Case, Upper Limit. Lower Limit. Result. 
a>r>B + — — af(#) 
B+27>2>a>6 a TA 0 
a> B>xt>a—2?r + + 0 pret 
=p Sich Teat- boa ek At 
c= 0 — afa) 


Dividing by v, we therefore have, if a— 8 < 2r, 


lf = pa 
3, | SOH dol ME) eos p(e-a)dg=fla) if a>2>B 
=} f(a) if c=a 
=}/(8) if a= 
==) a> B>s> aza 
or 27+8>2>a>B8. 
Again, if a—8=2z, we have as before for the limit, f(z), if 
a>zx>£. But if z=£ the limit becomes i 


™ sin 


Liere) iY flat 2y)dy=5 [flet+2.0)-+fe+2n)] 


=F F(8)+f(a)); 
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and if =a, the limit becomes 
o sin wy pi sin w2 
irige aayi 2y)dy=Lte> | da 
=F [f@—2.0)+f(@—2r)]=3 (fla) +(B)]; 
and dividing by r, we therefore have, if a—@B=2z, 


a [IOD S NE cos p(e—z)de=f@) if a>2>B 
=} [f(a)+f(8)] if =a or 8. 
And these results are the same as those obtained otherwise in 
Art. 1601. It will be noted that this method of procedure is 
free from the objection of assuming that what is true within 
an immeasurably small distance of the limit is true in the 
limit. (See Art. 1601.) 
For values of x which lie beyond 8+ 27 in the one direction 
or a—2z in the other, we may proceed exactly as before in 
Articles 1601, 1602, ete. 


1627. Cauchy’s Identity. 
Taking the identity used in Art. 1626, and putting 


0=2€ and f(g)=e-2%, 


f(a—2z)dz 


we bave 
i (1+2 cos 2+2 cos 4+... +2 cos angje-atttag= | sn hod. 
0 
One ® 
But | e-2'§ cos 2ré d. near aud by Art. 1625 the limit of the 
0 2a y 
right-hand side, when ~ is indefinitely increased, =5(1 +23e—r0'), 
1 
Hence va if +23¢ nm 3 z0 +23e-rte%") 
1 
and writing iia 
Jaa +23e—re") = /6(1 +236-r), 
1 1 


a curious and remarkable result due to Cauchy. 
Series of the character here involved occur in the theory of Theta 
Functions, where @(u) may be defined by the equation 


@(u)=1 — 2g cos 2% + 29! cos 4x — 2q? cos 6x+..., 


P 
where q=e ™K and a= oR K and K’ having their usual significations as 


used in Elliptic Integrals, 
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1628. To prove tips = ane o(x)da= z $(0). 
0 
This limiting form follows # once by MAR 
$a) == — yl) 


For we then have, if 0< k$ J 


Wa See E MD sf SU OM) cle 
0 0 


sin g 


=z V (0)=3 900), 


under the same conditions as regards y(x) as stated in Arts. 
1616 to 1622. 


And further, when h has a larger range, beyond =, as in 
Art. 1624, we have as the limit, 


z (Y (0) +24 (r)+ 2p (2r)+24 (Bx)+...}. 


sin = 


But (7) =o b(n) =0, Yl) = 


¢(27r)=09, ete., 


so that ioiai the range of ileal provided A be 
positive and not an infinitesimal, we have 


Lte-sa{ 9 g(a)d2=7 $(0) 


In the same way the result still holds good if ¢(x) presents 
a finite number of finite discontinuities, none of which are 
infinitesimally near x=0. 


1629. Graphical Illustration. 
ae z sin wÉ T . 
Since Ltw—>« f = $(§) dé ms $(0), putting = —», 
—* sin wn ney F 
Lua [SON bl-n- $0); 
and writing ¢(-—7)=y(m), 


Lesa | “ee nan = -7 400); 


and the letter denoting the function y being immaterial, we may replace 
it again by q, so that 


Itere | “28 $(Q)ag= -2 400) 
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Also if #=0 the limit vanishes and there is a discontinuity. Hence the 
graph of or 
y=Ltuvn | Epea 


is that shown in Fig. 473 consisting of two straight lines parallel to the 
x-axis, with an isolated point at the origin. 


R= OG) 


y=7 $0) 


.” 
-- 
- 
i 


Fig. 473. : 


1630. Let a, B be any two positive quantities. 


Then Lfy+« Í "Stel (O dE=T $(0)= Lo- Í A eE ACE) dg 


Therefore Bi ass a a8 $(O)ag=0, (a>B>0). 
Similarly ae Ka [5 es @ag-o 


Again [y+ O 
-Uara ( |- [°) 88°F 6(6) de= -26(0)-F40)= - 7.0, 
and Lts+>« | EO 
= Les n([°-f Veier (0) +5 $(0)=79(0). 


Hence when the limits are of the same sign, the result =O. When of 
opposite sign, the result is + (0), the sign being that of the upper limit. 
(Compare Art. 1625.) 


Again cos £u au [| a, 
iy ees [oe { f’ contguy au} df= Liura (2 oe 


h po 
i.e. Í Í $(€) cos fu df du= +5 p (0), the sign being that of h. 
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Further, f : ji ae (Ẹ) cos fu dé du 


=La | TORN) cos (ĉu) du} dm T aes a ee ote) dé 
8 v 

=0, if a, B are of the same sign, 
or =+7¢(0), according as a is positive or negative when ĝ is of 


the opposite sign. 


1631. Graphical Illustration. 
Taking a > ß >0 and -«=y, 


* sin w(-— x) ms | 

tyro | es PU) d= Lore ere EO b(n) ay 

=0 _ =2¢$(a) =r (x) re) =0 
e | ctl} went Merit edp 


The values of this integral may be shown graphically by the heavy 
lines and the two isolated points in Fig. 474, in which the dotted line 
is the graph of y=rẹ (x). 


Fig. 474. 


Obvious modifications will occur if a or 8 or both of them be negative 
or ifa<f. 


1632. Still supposing that a and 8 are both positive and a>, and 
putting £+«v=7, we have 


* sin w(£ +2) oo «+2 sin w 
Loo | EEDA E df= Lue be ~p $-a) dy 


2 } or =a P(-2)=5 918) | or  =rT$(-2) | 


if w=-B>-a Fe hatin A 


writin la, | 


if -B>x=-a if. -B>-a>s 
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And the graph of this integral is shown by the heavy lines and the 
two isolated points in Fig. 475, and is an image with regard to the y-axis 
of the graph of Fig. 474. 


s 
` 


Fig. 475. 


1633. Various Deductions. 


Since r if cos u(E—ax) p(€) dé du 


a sin wl— g 
= It, +20 vane =) p(€) dé whose values 


" have been 
and r f cos u(E+x) p(£) dg du found above, 
ue sin wo(€+2) 
mesa UE EB VOE 


we have by addition and subtraction, if x be positive, 
[se oom conn dean [pie sinng sin we df 
BJO B Jo 


; 7Y fo = 4900) fos 3 9(@) | 
ife@>a>B if s=a>B ifa>z>B 


T o(p) 0 
or 4 Or - 
pO aina 


and if æ be negative, 


{J p (Ê) cos ug cos ua df du= mi [ o@ sin u£ sin ux dé du 


if ro Eaves, | or =79(8) | or =z (—2) | 


> 


if z=—B>—a if —B>«>—-—a 
j f 
= 7 ¢{a) =0 
4 
i if iui if -p >a >s Í. 
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1634. If B=0 and a=o and v be > 0, 
i f p (Ê) cos u£ cos ux dêdu=f i; p(Ê)sin u€ sin ux dé du 


=F $(2); and if æ be <0, 


~ 
2] 


f 4 P(E) cos ug cos uw dé du = -f f: (é)sin uf sin ux dé du 


=5 o(—2), 


These results are all obvious on compounding the two 
graphs, Figs. 474 and 475. 
When x=0 the second integral in each case vanishes. 


1635. Since the products cos uf cos ue and sin u£ sin ux are 
both even functions of u, they are not affected by a change 
of sign of u. Hence the integration of either of them with 
respect to u from —oo to œ yields double the result of that 
from 0 to œ ; therefore if x be positive, 


f li p (Ê) cos u£ cos ux dÊ iu=f Hi, $(€) sin u£ sin ux dé du 
ore z (8) w(x), 5 $(2) or 0 in the several cases, 


and if x be negative, 

f ARa g (E) cos u£ cos ux dÊ du = -f pe $(€) sin u£ sin ux dé du 
==(0), 5 (8) mp(— x), z$(a) or 0 in the corresponding cases. 
1636. If 8=0 and a=~x, we have 


a F „ P(E) cos ug cos ux dg du=| 2 (€)sin uf sin uz dé du 


0 


= rolt), (2 EM), ndess i. (1) 
{, ti p(Ẹ) cos u£ cos ua dé du = -f F „ P(€)sinu€ sin ux df du 
=mrp(—2%), (O) espns (2) 


www.rcin.org.pl 


736 CHAPTER XXXV. 


1637. Fourier’s Formula. 
Put €=—n, and write y for ¢. Then, as x is +% or —", 


0 2 a. 
[J.C ndeos un 00s ua dy du= = |" 4 W(—n) sin un sinus dy du 


=m (x) or ry(—2), as xis +” or —™. 


Let v-(—7)=¢(), and write € for n. Then, as x is +% or —"*, 
PF, Geos ug cos ue dgdu=f |”, p(é)sinug sin wx dé du 


=7¢(—2) or ro(z), assis +” or —. ...(3) 


Hence from equations 1, 2 and 3, whether x be +° or —*°, 


W f p (Ê) cos u€ cos ux dédu=r {(z)+¢(—2z)} | 


> 


and bs 4 piein iandien) | 
By addition, 
f: y (€) cos u(E— x) dé du=2r¢g (x), 
which is Fourier’s Formula. 


1638. For +¥° values of x it follows that the graph of 


v=| | ¢@cosu(¢—a) dé du 


only differs from that of y=¢(a), in that all the ordinates 
of the latter are increased in the ratio 27:1. 
Similarly for —‘° values of a. 


1639. A Remarkable Application (Bertrand, Cale. Int., p. 238). 
If in the formula Í ji $ (Ẹ) cos u£ cos ux dé du=5ġ(2) or zo- a), 
as x is +" or —", we put $(£)=e~“f, where æ is +"; and since 
eos a 
Í e ag cos (ué) d= ayu 


el 
COs Ur T T 
7 du=— e7% or — 
a? +u? 2a Qa 


we have f e*”, according as « is +" or —" 
0 


(Art. 1048). 
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PROBLEMS. 


1. Find in a series a function of period 4a which shall be equal to 
a+ from x= —2a to x=0, and equal to a — v from =0 to =2a. 
(Trin. COLL., 1881.] 
2. Expand z? in a series of cosines of multiples of z between 7 
and —m. What will the series so obtained represent for other values 
of a4 


3. Find a series of sines which shall be equal to kæ from 7=0 to 
x =1/2, and equal to k(l- x) from x=1/2 to r=1. 
Find also a series of cosines to answer the same description. 


(Ox. II. P., 1900.) 
4. Expand z(r — 2) in a series of sines. [Ox. II. P., 1900.] 


5. Find a series of sines which shall represent nkæ/l from s= 0 
to x=l/jn; k from x=l/n to v=(n-1)l/n; and nk(l-2)/l from 
z=(n—1)l/n to z=1. [Cottecss, 1878. ] 

6. Trace the locus of the equation 


4 eo pia L sin ~~ sin —. 
c 2c 2c 


(Sr. Jonn’s, 1884.] 

7. A function of x is equal to x? for values of « between z=0 and 
2=1/2, and vanishes when æ is between //2 and l; express the 
function by a series of sines, and also by a series of cosines of 
multiples of 7z/l. Draw figures showing the functions represented 
by the two series respectively for all values of x not restricted to lie 
between 0 and /. What are the sums of the series for the value 


a=1/24 [y, 1899.] 
8. Show that 
log cosec x = log 2 + cos 2x + 4 cos 4a + 3 cos 62+... +4008 mir., 
(<< r), 


and deduce therefrom 
s inetdx=~logi; (b) z s 2ng log sin zdr = —— 
(a) \, og sin edu = 5 log z; ( 3 ogsinadr= - 7y 


9. Prove that 
y= -a at rie i fa sin e — nc cos id cos = 
represents a series of circles of radius ¢ with their centres on the 
a-axis at distances 2d apart, and also the portions of the axis exterior 
to the circles, one circle having its centre at the origin. [y, 1893.] 
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10. Find a series of cosines of multiples of mæ/l which shall repre- 
sent a function which is equal to z?/4a for values of ~ between 0 and 
1/2, and is equal to (J —x)?/4a when z is between 1/2 and 1. 

What does the series represent for values of æ not lying between 
Oandi? [CotixcEs, 1892. ] 

11. Find a Fourier series to be equal to zì between a= +c, and 
trace the locus TEENE Sa 6 ) A. Takna 

ETIPTI 


Ctt. T 


12. Show by evaluation of the integral that 
zf sin gz ( ¥tania see £ mii i dq 
™ Jo q q 


is the ordinate of a broken line running parallel to the axis of x 
from «=0 to x=a and from z=) to =, and inclined to the axis 
of x at an angle a between =a and z =b. (Maru. TRIP., 1883.] 


13. If f(z)=ZAnsinnra/l and f'()=By+=B,cosnra/l for all 
values of z between 0 and /, prove that, provided f(x) be continuous 
from +=0 to x=], 


Bua Ant 3 1C- DAO -£00)}. 


Write down the corresponding formula if f(x) be discontinuous 
for the value x=a which lies between 0 and 1. [CoLLEGEsS, 1896.] 


14. Prove that the locus represented by 


n=O 

=i) D ai E ; 
nie: ) sin nz sin ny = 0 
n=l n 


is two systems of lines at right angles dividing the coordinate plane 
into squares of area 7. (Marx. TRIP., 1895.] 


15. Show that the ven 
4a 
y=5 +a- ts {0087 (E +y) +45 cos = ŠT (E+ y) + iz cos 22 (e +y) + ete. } 


represents a staircase formed of straight lines of length a, starting 
from the origin and parallel, alternately, to the axes of y and z. 
(Sr. Joun’s CoLL., 1881.] 


16. If f(0) be a finite function of 0 with the period 27, show how 


to find a function which, in the space between two concentric circles, 
bo 2u 
ay g =z =0, with 


taj 


is a finite and continuous solution of the equation =z 
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the value /(@) at the point of the outer circle whose polar coordinate 
is 0, and the value zero at every point of the inner circle. 


f (Matu. Trir., 1896.] 
[After transformation to polars, 


eo 0 
u=Á+ b (Anr” + Byr-™) cos nO + p> (Cyr® + Dar”) sin nO 
1 1 


may be taken as the solution of this equation. ] 


17. If y be defined as coincident with y=% from z=0 to xv=r/2; 
y=7/2 from s=7r/2 to x=32/2; y=2r -x from ged? to x=2r, 


and be represented by a Fourier series of form y= 4g + Ps Ay Cos px, 
show that 


i 2 < cos (2p — cos(2p-1)@ ly cos (4r — 2)a 
ee So apc CPI Aio er tals we 
and draw a graph of this series when = is not restricted to lie between 
O and 2r. 


18. Prove that the series 


1p afi) f+ f=) wy 42 2S con wre! 0) +f — ota 


2". nmg ft f(v)—f(-v) . nv 
7 2, sin TI. SU wert eee dv 
is equal to f(x) between the limits v= +l and x= —1; and trace the 


curve represented by the series for values of x outside these limits. 
[Maru. TRIP., 1885.] 


19. Find by Fourier’s method a function of « which shall be equal 
to +1 from «=0 to x=a, and equal to — 1 from =a to x= 2a, and 
so on alternately. 


20. Two uniform plates of the same substance and thickness a are 
in contact. The outside surface of one is impervious to heat, and 
that of the other is kept at zero temperature. It can be shown that 
if one slips over the surface of the other with constant velocity v, the 
friction per unit of area being F, then at any time ¢ the temperatures 
of the two plates are given by 


Fo _(Qn4+1)'e80% pi 
late? : 
0 =y A+ 2A ogn+1€ * cos (2n + 1) ‘ay 
_ (n41) out 


0, = 59 {%- > Did aye E cos (2n+1) 7), 
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respectively, at a distance « from the impervious surface, where J, 
C, c are certain constants. Show that, if when t=0, 0 is zero every- 
where, the coefficients 4,,;, are given by 


y. EN { : "aow (Im 1) 
vata Gaps} F 4° 
[Martnu. Trip. II., 1884.] 
21. Deduce from the result | e-* cos 2bg dx = Ireo, or other- 
wise obtain the result $ 
e77 +e- (3-a) 4 g- (e+)? 4 e-(x-2a) 4 e-l(z+2a)} + ete. 


| tia Qra ma 4rz = 67x 
-=(1 +.2¢ “cos — + 2¢ © cos — + 2e* cos —-4 a) 
a a a a 


[MatuH. TRIP., 1887.] 
22. Prove that the equation 


z= -cos 5 (a+) cos 5 (z ~y) +53 008 5 (z + y) 0085 (z — y) 


1 3 3 
— ga 008 5 (+y) cos 5 (2 - y) + i 
represents a series of circles of radius 7, and trace them. 
(Matu. TRIP., 1885.] 


23. Show that if ail effects of atmosphere be neglected, then the 
intensity of daylight at a given place at £ o’clock true solar time at 
an feck a be 


1245 a oda Tes a ag teh dt fay bat 
io, 6: D Bd eS ee 


where J is ef pe ah at noon. Examine the values of the above 
expression when (i) ¢=0, (ii) ¢=6, (iii) #=12. [Matu. TRIP., 1884.] 


24. Prove that if 
~T f(p)= vaf (x) sin px dz, 
0 


then will Vr o(p) =J2 f J (a) sin pz dz. (Maru. Trie., 1884.] 


25. Show that, if Bi(e)= |" Z de, then 
: f {ct Ei ( — gn) — e-t Bi (qa) } sin pe da 


=; A {er Ei( a qx) $ e72% Fi(qx)} COS px dx= sara 


[Maru. TrRie., 1884. ] 
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26. Find two harmonic series, each of which shall be equal to 
bz/a from +=0 to s=a, one containing only harmonic functions of 
the form sin 2irz/a and the other those of the form cos irz/a, where 
i is any integer. Trace the complete curve given by the harmonic 
series in each case. (Martn. TRIP., 1876. ] 

27. Sum the series m cos 6 — 4m’ cos 30 + 4m5 cos 50 — ... ad inf., 
m being <1, and prove that it always has the same sign as m cos 0. 

Trace the curve 


r =a(cosa cos 6 — 4 cos 3a cos 36 + 4 cos 5a cos 50 — ...). 
[Marua. Trre., 1878.] 
28. Express the doubly infinite series 


K F- pma goa nir co ay 
—{ El mn (m? +n?) 


in the form of a singly infinite series of cosines of multiples of y. 
[S.H. PROBLEMS, 1878.] 
Exhibit the result in the form 


> | {sm + log 2} cosh ng 


eh ve g u ( — 1)”cos ny 
z log 2 + 7 Å sinh n(x — u) log cos 5 du | seer“ ikl Wik 


29. Deduce Fourier’s formula 


2p(a)=2{" f AO cosul- a) df du 
from the formula 
2pte)=7[ AO D S AO eoe- ade 
hae See il I.C., Art. 332.] 
30. Examine the limiting form of the curve 
» 1 
TA) duf |. cosw(v- 2). vdv} 
0 


when k, being positive, tends to a zero limit. 
[De Morean, D.C., p. 629.] 


31. Prove the two formulae 


f(z) = aj cos rudu | f4 cos ut dt ; 
f(«)=- =f. sin vu du f” f(t) sin ut dt, 


and point out the distinction between the two expressions for f(x). 
(Sr. Jonx’s CoLL., 1881.] 
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32. Show that for all values of x between — b and b, 


o b 
F(x) - F(-2)= =|. sin gu aul F(y) sin wy dy. 
[Sr. Joun’s CoLL., 1881.] 


33. If a uniform horizontal bar, both of whose ends are fixed, be 
so displaced horizontally in the direction of its length that initially 
one half is uniformly extended and the other uniformly compressed, 
and then let go, prove that the displacement y of any particle x at 
any time ¢ will be 


8nl 
a Gray pes i+ 1) Sr a at os (Qu + N= F 


2l being the length of the bar, the middle point being the origin and 

nl the displacement of the middle point. 

[The equation determining these vibrations may be assumed to 
Oy ge oy 
oe” Bae 

yY = È Cm cos ma cos mat. 


be and a suitable form of solution of this equation is 


a2 
Or more generally, for an equation of type z: = ard 4h, y is 
of the form 


A + Bu+ Ct+ Da? + Eat + Fl? + ZL sin {n(at-—2x) +a} 
j +2Msin {n(at+x)+P} 


with certain conditions. (See Forsyth, D. Equations.) We are to 
have y=0 for all values of ¢ when z= +l; and if t=0, y=n/(l-2) 
from z=0 to «=1, and y=n(l +x) from «= -l to z=0.] 


34. A stream of uniform depth and of uniform width 2a flows 
slowly through a bridge consisting of two equal arches resting on a 
rectangular pier of width 2b, the bridge being so broad that under 
it the water moves uniformly with velocity U. Show that after the 
stream has passed through the bridge the velocity potential of the 
motion is 


ut-by PELLAS . irb iry | m 
$=—— Ux = “Sr Da pein T oos “ae A 


the axis of x being in the forward direction of the stream and the 


origin at the middle point of the pier. (Maru. Trip., 1878.] 
The equation for ¢ is C + ZË L 0, and h 
[The equation or} iaga + ar 0 and we are to have 
Lean U when z is infinite, of =U when x=0, 
x a Ox 


www.rcin.org.pl 


FOURIER’S THEOREM. 743 


except from y= — b to y=), where of 0; also =o when y= +4, 
and a suitable solution of the equation is 


$= Agr + >) Aicos He. | 


35. Show that i Sm sin (2p + 1)æ sin (2p + l)y repre- 


1 

sents the four sloping faces of a regular pyramid built upon a 
horizontal square base of side m units, two sides coinciding with the 

axes of coordinates, the height of the pyramid being 7/2 units. 
[TODHUNTER, I.C., p. 304.) 
36. A membrane is uniformly stretched upon a square frame to 
which itis attached along the edges. The centre is displaced slightly 
through a small distance % perpendicularly to the frame, the form 
being that of four planes passing through the edges of the square 
and a common point above the centre. The side of the square is a. 
The constraint is then removed. The equation to determine the 


: , . Ow Ow Cw i ; 
subsequent vibrations is z7 e(t 5 + aR sa) and a solution suitable 


for such a case as the above may be assumed to be 
W= Án, , cos yé sin a wae a sin a ’ 
the origin being taken at the centre of the square and the axes 
parallel to its sides, £ being the time measured from the instant of the 
removal of the constraint, and and r being integers. Also it will be 
noted that a= +a and y= +a will each give w=0 for all values of t. 
Prove (i) 4a?y? = er? (n? +77), (ii) that n and r are odd, 


a (iii) An r=0 if nr, (iv) An, a = SENTS 
an 
_ i+ l)r(x+a) n (zit l)r(y +4) í cri 
-3 Daa A erga aD a 00 (8 +1) oe. 


37. The fixed boundary of a membrane is a square, and the centie 
ot the membrane is displaced perpendicularly through a small space 
k, the membrane being made to take the form of two portions of 
intersecting circular cylinders. Taking the same general form of 
solution as before of the equation for the vibrations when the con- 
straints are suddenly destroyed, prove that n and r are odd integers, 


and that 128k (See nr aa | 


= -sy sa| —— -—2sin — sin — 
me ERSTA ar 2 2 


OAT oe 
mn nr? nex] [Maru. Trip. ITI., 1886. ] 
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38. Ohm’s Equation for the flux of electric current in a wire of 
section w, conductivity k, and electrostatic capacity per unit length 
c, is OV _ 2ko ay 

LTO c Oa’ 
x the distance of a point on the wire from a given origin on the wire. 


giving the potential V in terms of ¢ the time and 


Assuming as a solution of this equation V= + ZAe rt sin (qa + B), 


where a is the constant potential for all values of ¢ at the battery 
end of the wire and x is measured from the earth end, / being the 
length of the wire and 4, B arbitrary constants, show that 
es 
VaT+EAge eS sais = : 
and if when t=0, V=0 for all values of x from 0 to l, show that 
i 2kw nr? 


ax 2a cosnr -ç wt . NTE 
— +— eur sin ——. 
l mk A n l 


V= 
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